We compute the Tan's contact of a weakly interacting Bose gas at zero temperature in a cigarshaped configuration. Using an effective one-dimensional Gross-Pitaevskii equation and Bogoliubov theory, we derive an analytical formula that interpolates between the three-dimensional and the one-dimensional mean-field regimes. In the strictly one-dimensional limit, we compare our results with Lieb-Liniger theory. Our study can be a guide for actual experiments interested in the study of Tan's contact in the dimensional crossover.
I. INTRODUCTION
Ultracold atomic gases are a perfect playground to study quantum systems from the non-interacting regime to the strongly interacting one, in one, two, and three dimensions. Both interactions and dimensionality drive correlations in the systems, and, thus, play a crucial role in the off-diagonal elements of the one-body density matrix or, equivalently, in its Fourier transform, namely the momentum distribution. In particular, for δ-interacting systems, Tan's contact C, which determines the asymptotic behavior of the momentum distribution C = lim k→∞ n(k)k 4 , embeds information on the interaction energy, the density-density correlation function [1] [2] [3] , and for fermionic and/or bosonic mixtures it is univocally related to the symmetry, and thus the magnetization, of the system [4, 5] . Moreover, in the case of a three-dimensional (3D) dilute Bose gas, the measurement of the contact has been exploited to access the quantum depletion [6] .
In actual experiments, quantum gases are confined by trapping potentials that may reduce the low energy dynamics to one dimension under suitable conditions. The dimensional crossover can be realized by introducing in a 3D system two counterpropagating laser-beams creating, by interference, one-dimensional (1D) light wires. The geometrical variation can be driven just by tuning the laser-beams intensity. However, two-body collisions conserve a 3D nature at small distance and the connection between 3D and 1D predictions must be analyzed with great care. In the quasi-1D regime, namely when essentially one transverse mode is populated, it has been shown for two-component fermions that the 1D contact is related to the 3D contact by a simple geometric factor depending on the radial confinement [7, 8] . Another fundamental question about the dependence of Tan's contact on dimensionality can be formulated this way: What is the behavior of the contact when going from the quasi-1D regime to the 3D regime, that is, when the transverse excited states are more and more populated?
In this paper we study the behavior of the 1D Tan's contact in a dilute gas of bosons in the 3D-1D crossover at zero temperature. We provide an analytical expression that describes the full crossover from the 3D gas to the quasi-1D regime, and show that it displays clearly distinct behaviors in these two cases. As in the quasi-1D case, we show that in the 3D case the 1D and 3D contacts are also related by a geometrical factor. When transverse fluctuations are negligible, we compare our results with strictly 1D results provided by Lieb-Liniger theory.
The paper is organized as follows. In Section II we present the model used to describe the weakly interacting gas of bosons at zero temperature and its conditions of validity. We derive a first formula for Tan's contact in the absence of a longitudinal trap. Then, we use the Local Density Approximation (LDA) in order to obtain Tan's contact in the experimentally relevant situation of a cigar-shaped trapped gas in Section III. Finally, we summarize our results and conclude in Section IV.
II. MODEL AND QUANTITIES OF INTEREST
The considered system is a weakly interacting Bose gas confined in a cylindrically symmetric 3D harmonic potential at zero temperature. In this regime, interactions are accurately described by a contact potential of the form V ( r 1 − r 2 ) = gδ( r 1 − r 2 ) 1 which is characterized by a single parameter, namely the s-wave scattering length a, through g = 4π 2 a/m [11] . At very low densities (na 3 1 with n being the three-dimensional atomic density) and for moderate anisotropies of the trapping potential, the ground state of the system is a Bose-Einstein condensate (BEC) that obeys the so-called Gross-Pitaevskii equation [11] . In free space, this ground state is simply the homogeneous solution which has for momentum distribution nδ( k). However, when quantum fluctuations are taken into account, Bogoliubov theory shows that the condensate is depleted due to interactions and that the tail of the momentum distribution behaves as C/k 4 [6, 11] . As the transverse confinement is increased compared to the longitudinal one, the system dynamics is more and more reduced to a single spatial 1 Note that this expression for the potential is valid in the GrossPitaevskii approach, but the correct formulation for the twobody problem is given by the pseudopotential V ( r)Φ( r) = gδ( r) ∂ ∂r (rΦ( r)) [9, 10] .
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dimension. In the extreme situation where only one single transverse mode is populated, the quantum gas is described by the Lieb-Liniger 1D model [12] with an interaction parameter γ = −2/(a 1D n 1 ) where n 1 is the longitudinal atomic density and a 1D the effective scattering length whose precise expression is given later [13] . Again, this model predicts that the tail of the momentum distribution behaves as 1/k 4 for large momenta k. In the following section, we show that the gap between these two regimes in a cigar-shaped geometry can be filled by an effective theory. Our approach, which is valid for weak interactions, can be complemented by already known results from Lieb-Liniger theory.
A. Effective one-dimensional Gross-Pitaevskii equation for a weakly interacting Bose gas
In practice, the Bose gas is confined in a 3D harmonic trap of the form
2 where r ⊥ and z stand for the radial and longitudinal coordinates of an atom. In the limit of a highly anisotropic trap, namely when ω ⊥ ω z , the transverse confinement is such that an effective 1D dynamics can be reached. The system is thus accurately described by a 1D order parameter ψ(z, t), depending on a single spatial coordinate z along the axial direction of the trap, which obeys the following Gross-Pitaevskii equation [14] [15] [16] 
Here
is an external potential that will be taken to be either zero or harmonic U (z) = 1 2 mω z z 2 and the non-linear term (n) describes effective interactions in 1D along the crossover from 3D to 1D. Although its exact analytical expression is not known, a very accurate approximation is given by [15, 17] (
This equation interpolates between two well known regimes. For low densities (an 1 1), (n 1 ) ω ⊥ + 2 ω ⊥ an 1 , the standard one-dimensional Gross-Pitaevskii equation is recovered. In this case the transverse wave function is simply the ground state of the harmonic oscillator. In the opposite limit (an 1 1), (n 1 ) 2 ω ⊥ √ an 1 and many transverse modes are occupied.
These cases are respectively the so-called 1D Mean-Field (MF) and Transverse Thomas-Fermi (TTF) regimes. Later, we will recall some standard solutions of this equation in order to compute the Tan's contact in experimentally relevant situations.
B. Bogoliubov approach for Tan's contact
We now turn to the calculation of Tan's contact from the tails of the momentum distribution. While very accurate for describing the classical dynamics of a quasi-1D BEC, Eq. (1) does not describe correlations between particles which are essential for the existence of an algebraic tail in the momentum distribution. Being a mean field equation, it has to be complemented with quantum fluctuations which we treat at the Bogoliubov level in the spirit of [15] . Note however that we do not need to take into account phase fluctuations, although in 1D they destroy long-range order even at zero temperature. Indeed, they mainly affect the far off-diagonal part of the one-body-density matrix [11] , or, equivalently, the low-momentum behavior which is not our interest in this study.
The Bogoliubov approach [11] includes small quantum fluctuations δψ to the condensate wave function ψ(z) (the ground state of the stationary version of (1)). A simple way to obtain their equations of motion is to linearize (1) around ψ and use canonical quantization rules for δψ and δψ † . In free space, these fluctuations are expanded on the basis of free particle operators a k and a † k which respectively destroy and create a particle with momentum k. Finally these equations are solved by introducing the quasi-particle operators
The coherence functions u k and v k then obey the following Bogoliubov-de Gennes equations
where c is the effective sound velocity given by [18, 19] 
Solving these equations, complemented with u 2 k − v 2 k = 1 which comes from bosonic commutation relations, yields the so-called Bogoliubov spectrum ω(k) = 2 k 2 c 2 + ( 2 k 2 /2m) 2 [20] . The distribution of particles with momentum k = 0 is defined as
with b † k b k assumed to be Bose-Einstein distributed. At zero temperature, the ground state of the system is the vacuum of quasi-particles and n(k) = v 2 k which corresponds to the quantum depletion of the condensate due to interactions. Solving Eq. (3) yields
Taking the large k limit, one obtains the high-momentum behavior of the momentum distribution
where C cig is the homogeneous contact density in the cigar-shaped geometry, given by
where a ⊥ = /mω ⊥ is the radial harmonic oscillator length. In the TTF regime, an 1 1, one gets
and in the low density regime, an 1 1,
Along the crossover, we observe a transition from linear to quadratic behavior for the contact density with respect to the 1D atomic density n 1 . However, one has to be careful to the fact that the mean field approach can no longer describe the system when the quantum correlations are too important, i.e when the density is too low (typically, when a 2 ⊥ n 1 /a 1 [21] ). In this case, the physics is described by LiebLiniger theory [22] . Nevertheless, there is an intermediate regime described by both theories, allowing us to test our formula (8) .
C. Comparison with Lieb-Liniger theory
In a strictly 1D situation, the Bose gas is accurately described by the Lieb-Liniger equations [22] . This model is exactly solvable with the Bethe ansatz and allows us to obtain analytical expressions for the contact for both strong and weak values of the interaction parameter. In the following we recall these results and compare them with our prediction in the MF regime for weak interactions.
Tan's adiabatic sweep theorem in 1D allows us to express the 1D contact density C 1D as a function of the adimensional ground state energy via [13, 23, 24] 
where γ = − 2 a 1D n1 is the adimensional coupling strength and
is the 1D scattering length [25] . Expressions for e(γ) in the strong (γ 1) and weak (γ 1) coupling regimes are provided by Lieb-Liniger (LL) theory [22] . The weak coupling regime a 1D n 1 1 can be compared with the MF regime in Eq. (10), corresponding to an 1 1. Note that we can consider simultaneously these two limits only if a ⊥ a (it is sufficient to have a ⊥ > 10a [21] ). In this case, a 1D a 2 ⊥ /a and e(γ) γ, which yields allows us to obtain the following contact density:
In the intermediate interaction regime, the Tan's contact can be obtained by numerically solving the Bethe ansatz equations for the ground state energy e(γ). Actually, e(γ) beeing computed, it is also possible to take into account the effect of the transverse confinement by mean of a variational ansatz for the N -body wavefunction (where N is the number of bosons) of the form [26, 27] :
where σ is associated with the transverse width of the system in units of a ⊥ . This ansatz leads to the following expression for the total energy per unit length
which, when minimized with repect to σ, yields the following implicit equation:
Equations (15)- (17) describe the Generalized Lieb Liniger (GLL) approach [26, 27] . Once Eqs. (15)- (17) are solved self-consistently, one can obtain the contact density C cig using Eqs. (16) and (6) and the formula c = (n 1 /m)(∂ 2 E/∂n 2 1 ) [18, 19] . The contacts obtained with this numerical method and with our analytical formula (8) are plotted as functions of the lineic density n 1 in Fig. 1 . We observe that the curves match, our method having the advantage of leading to a simple analytical formula. ⊥ as a function of a ⊥ n1, with a/a ⊥ = 0.025. The dashed red line corresponds to our analytic formula Eq. (8), the solid black line was numerically obtained from the GLL method. The vertical gray line represents an1 = 1 and corresponds to the transition from the MF to the TTF regime.
III. TAN'S CONTACT IN A CIGAR-SHAPED DILUTE BOSE GAS
We now make use of the previous results to describe experimentally relevant situations where the Bose gas is trapped in all directions but with an aspect ratio that makes it resembles a cigar. To do so, we make use of the LDA in a harmonic trap of the form U (z) = 1 2 mω 2 z z 2 with the proper density profile which depends on the interaction and confinement regimes. We start with a weakly interacting Bose gas that is described by the effective 1D equation (1) and then discuss already known results in the strongly correlated regime. Then we compare our results with a 3D calculation in the BEC regime.
A. Weakly interacting Bose gas
In this regime we use the following expression for the atomic density n 1 (z) [16] 
where λ = ω z /ω ⊥ is the aspect ratio of the trap, and Z is the axial Thomas-Fermi radius obtained from the normalization condition
n 1 (z)dz = N so that it satisfies the equation:
A good approximation for Z (with a residual error smaller than 0.75%) is given by [28] 
Together with Eq. (8), this formula constitutes the central result of this paper. Note that the validity of the LDA is guaranteed when Z a z , where a z = /mω z is the transverse harmonic oscillator length.
As in the previous section, we can consider the limiting cases of the TTF regime and the MF regime. Here, the correct parameter governing the transition is χ 1 [21] . If χ 1 1, one enters the TTF regime, where
which is very similar to the homogeneous result (9) . In the opposite MF regime χ 1 1 we get
As in the homogeneous case of Eq. (13), this formula is in agreement with the result obtained from the LDA performed on weak coupling Lieb-Liniger expansion of the contact density [13, 24] . Expressions (21), (22) and (23) for Tan's contact are plotted in Fig. 2 . 
B. Strongly interacting gas
Again, for the sake of completeness we now discuss the SI regime in the strictly one-dimensional situation. The relevant parameter that describes the transition between the mean-field and the strongly correlated regimes is now given by [21, 29, 30] . In the SI regime ξ 1 1, the density profile is well described by the Tonks (fermionic) one given by n ⊥ as a function of the number of bosons N . The thick vertical cyan line represents ξ1 = N λa 2 ⊥ /a 2 = 1 and corresponds to the transition from the strongly interacting regime to the mean-field regime. The left part is plotted using Eq. (24), the right part using Eq. (21) . Note that there is a small shift at the transition, which is due to corrections to Eq. (24) at intermediate values of a (which are not known analytically). The vertical gray line corresponds to the transition from the MF regime to the TTF regime at χ1 = N λa/a ⊥ = 1. The set of parameters used in these plots is (λ = 0.0005, a/a ⊥ = 0.05).
equations [4, 24] . This yields (24) The transition from the SI regime to the MF and TTF regimes is plotted for the contact as a function of the number of bosons in Fig. 3 . At a low number of particles, the system is in the SI regime and the contact is given by Eq. (24) . When N is increased the system enters the MF regime (thick vertical green line) when ξ 1 = N λa 2 ⊥ /a 2 = 1 and the contact is accurately described by Eq. (23) . Upon further increasing N , when χ 1 = N λa/a ⊥ ≥ 1 (vertical cyan line), the system is essentially 3D and the contact is given by Eq. (22) .
The different regimes and associated contacts are summarized in Table I .
C. Comparison with the 3D contact

